The formalism to augment the classical models of equation of state for real gases with the quantum statistical effects is presented. It allows an arbitrary excluded volume procedure to model repulsive interactions, and an arbitrary density-dependent mean field to model attractive interactions. Variations on the excluded volume mechanism include van der Waals (VDW) and Carnahan-Starling models, while the mean fields are based on VDW, Redlich-Kwong-Soave, Peng-Robinson, and Clausius equations of state. The VDW parameters of the nucleon-nucleon interaction are fitted in each model to the properties of the ground state of nuclear matter, and the following range of values is obtained: a = 330 − 430 MeV fm 3 and b = 2.5 − 4.4 fm 3 . In the context of the excluded-volume approach, the fits to the nuclear ground state disfavor the values of the effective hard-core radius of a nucleon significantly smaller than 0.5 fm, at least for the nuclear matter region of the phase diagram. Modifications to the standard VDW repulsion and attraction terms allow to improve significantly the value of the nuclear incompressibility factor K0, bringing it closer to empirical estimates. The generalization to include the baryon-baryon interactions into the hadron resonance gas model is performed. The behavior of the baryon-related lattice QCD observables at zero chemical potential is shown to be strongly correlated to the nuclear matter properties: an improved description of the nuclear incompressibility also yields an improved description of the lattice data at µ = 0. 
I. INTRODUCTION
Real gas is a system of particles which interact repulsively at small distances and attractively at intermediate distances. A first-order phase transition takes place in such a system, which is a well-known phenomenon present in many different molecular systems. Historically, a cubic equation of state 1 has often been used to describe the thermodynamic equilibrium in the real gas. The well-known example of such a model is the famous van der Waals (VDW) equation of state [1, 2] 
where a > 0 and b > 0 are the VDW parameters which describe, respectively, the attractive and the repulsive interactions between particles. The VDW equation (1) was formulated in 1873, and for his work van der Waals obtained the 1910 Nobel Prize in Physics. The first term in (1) describes the short-range repulsive interactions by means of the excluded volume (EV) correction, whereby the system volume is substituted by the available volume, i.e. V → V − bN . The parameter b is the EV parameter. It can be related to the classical hard-core radius of a particle as b = 16πr 3 /3. The second term describes the attractive interactions in the mean-field approximation, characterized by the attraction parameter a. The VDW equation has underwent many different generalizations of its repulsive and attractive terms. These had allowed to improve the description of the thermodynamic equilibrium in the vicinity of the phase transition and critical point (CP) for many different molecular systems. Some of these models are considered in the present paper, and will be described in details below.
Recently, the VDW equation (1) was transformed to the Grand Canonical Ensemble (GCE) [3] , and then generalized to include the effects of quantum statistics [4, 5] . These modifications have opened up the possibility to apply the VDW equation in nuclear/hadronic physics, where the numbers of different particle species are usually not conserved, and where the quantum statistical effects are often nonnegligible. In particular the nuclear matter -a hypothetical infinite system of interacting nucleons -was rather successfully described by the VDW model (see [4] ). This kind of a nuclear matter description is rather different from the models which are arXiv:1701.06524v3 [nucl-th] 28 Sep 2017 based on the relativistic mean-field theory, such as the Walecka model [6, 7] and its various generalizations (see, e.g., Refs. [8] [9] [10] for an overview). One notable difference is the absence of the effective mass concept in the VDW model.
The fit of the fermionic VDW equation to the ground state properties of the symmetric nuclear matter at the normal nuclear density n 0 = 0.16 fm −3 has yielded the following values of the VDW parameters: a 329 MeV fm 3 and b 3.42 fm 3 [4] . However, as will be detailed below, the VDW model yields a rather stiff equation of state, with the nuclear incompressibility factor K 0 notably higher than the available empirical estimates. Thus, it is important to check whether these a and b values are robust, in the sense that they really correctly characterize the first interaction term in the virial expansion. To clarify this question, different classical equations of state for real gases, consistent with the VDW equation in the low-density limit, are considered. Augmented with the quantum statistical effects, they provide a reasonable description of the nuclear matter properties. A novel formalism, which allows to include the quantum statistical effects into the real gas models, is introduced. It can be applied to a real gas model which contains an arbitrary EV mechanism as well as an arbitrary density-dependent mean field.
The simplicity of the presented approach allows to include the VDW-like interactions into the hadron resonance gas (HRG) model of the hadronic equation of state with relative ease. The first step in that direction was already performed in Ref. [11] , where the VDW interactions between all (anti)baryons were included in the framework of the standard VDW equation. The parameters a and b were fixed to the ground state of nuclear matter. A very strong effect of the VDW interactions on the temperature dependencies of various fluctuations of conserved charges at zero baryochemical potential, µ B = 0, was reported. A generalization to arbitrary forms of the EV and of the density-dependent mean field is performed in the present work. Strong correlation between the behavior of the baryon-related HRG observables and the nuclear matter properties is demonstrated. This suggests an intriguing possibility to see the effects of the VDW-like interactions between hadrons in lattice QCD [12, 13] simulations, as well as in the fluctuation measurements in heavy-ion collision experiments.
The paper is organized as follows. Classical equations of state of real gases, which are considered in the present work, are listed in Sec. II. A quantum statistical generalization for an arbitrary real gas fluid is elaborated in Sec. III. In Sec. IV the real gas models are applied to the description of the symmetric nuclear matter. A comparable analysis of the different real gas models is presented. An extension of the HRG model to include the baryonic interactions in the framework of the real gas models is described in Sec. V. A summary in Sec. VI closes the article.
II. CLASSICAL EQUATIONS OF STATE OF REAL GASES
Classical equations of state for real gases are listed in this section. These equations are written in terms of the pressure p as a function of the temperature T and the particle density n. They are subsequently used in the present work.
A. van der Waals
The first model under consideration is the aforementioned van der Waals equation of state (1)
which is rewritten here as the pressure in terms of the temperature T and the particle density n ≡ N/V . Over the years, many modifications of the original VDW equation were developed. This concerns both the attractive term and the repulsive term. Modifications to the attractive term include the addition of an explicit dependence on the repulsion parameter b, and also a temperature dependence of the attraction parameter a. The present work deals with the the nuclear matter at low temperatures, including the T = 0 region. For this reason the possibility of the T -dependent parameter a is omitted in the present paper.
B. Redlich-Kwong-Soave
One historically well-known modification of the VDW equation is the Redlich-Kwong equation of state [14] with the Soave modification [15] . The classical equation of state for this RKS model reads
The parameter a is temperature-dependent in the original formulation of the RKS equation. As mentioned above, such a possibility is not considered in the present work. Thus, the parameter a is taken to be temperature independent.
C. Peng-Robinson
Another popular modification is the Peng-Robinson (PR) equation of state [16] . The PR pressure reads
D. Clausius
Finally, the model based on the Clausius equation is also considered
In general, this is a three-parameter model. The parameter c has the unit of volume. Unless stated otherwise, only the two-parameter models are considered in the present work, i.e. one assumes c ≡ b. Note also that the parameter a is temperature dependent in the original Clausius model: typically it is inversely proportional to T . Similar to the previous two models, this temperature dependence is omitted in the present work.
E. Carnahan-Starling modification of the repulsive term
The first term in Eqs. (2)-(5) corresponds to the VDW excluded volume correction. It is clear that the maximum value of the particle density (packing limit) in such a model is restricted from above: bn < 1. The VDW repulsive term can be improved. One simple but powerful modification is the Carnahan-Starling (CS) model formulated in 1969 [17] . The pressure in the CS model reads
where η = bn/4 = 4πnr 3 /3 is the so-called packing fraction -the fraction of the total system volume occupied by the total cumulative volume of all finitesized spherical particles in the system. The relation (6) gives a very good approximation of the pressure of the thermodynamic system of particles with the classical hard sphere interaction. It gives an adequate description of the hard spheres equation of state up to much higher densities compared to the standard VDW model. Recently this model was successfully used in some hadronic physics applications [18] [19] [20] .
Substituting the first term in Eqs. (1)- (5) with p cs (T, n) (6) one obtains four additional real gas models: the VDW-CS, RKS-CS, PR-CS, and Clausius-CS models.
It is clear that the models with the CS repulsive term have a packing limit of bn < 4, which is larger than in the models with the VDW repulsive term. The only exception is the PR-CS model, where due to the presence of a pole in the denominator of the attraction term one has a lower limit bn < 1 + √ 2. It is evident that all considered models reduce to the VDW equation in the low-density limit. More specifically, they all coincide up to the 2nd order virial expansion. All of the models also predict the existence of the liquid-gas phase transition and of the associated CP. With regards to the critical behavior in the vicinity of the CP they all fall into the universality class of the mean field theory. However, quantitative difference between the models is non-negligible at high densities, in particular in the vicinity of the CP and/or in the liquid phase.
III. QUANTUM STATISTICAL FORMULATION
A. Free energy
The classical equations of state listed in the previous section are all formulated in the canonical ensemble (CE). They are given in terms of the pressure p as a function of the temperature T and the particle density n ≡ N/V . This knowledge of the equation of state, however, is insufficient to obtain full thermodynamic information about the system. In particular, it gives no information about the mass or the degeneracy of the particle. The reason for this is that the T , V , and N variables are not the natural variables for the pressure function. The thermodynamical potential in the CE is the free energy F (T, V, N ), and for a complete thermodynamic description one has to reconstruct this quantity. The free energy satisfies the following equation:
All models under consideration can be described by the free energy of the following form
where F id cl is the free energy of the corresponding ideal gas, and where the subscript cl corresponds to the classical (Maxwell-Boltzmann) statistics. As before, η = bn/4 and n ≡ N/V . The function f (η) quantifies the fraction of the total volume which is available for particles to move in at the given value of the packing fraction (density) η. Evidently, it has to take the values in the range 0 < f (η) ≤ 1. The quantity u(n) in (8) is the self-consistent density-dependent mean field 2 . The u(n) describes the attractive interactions in the models under consideration.
Taking the derivative of F cl (T, V, N ) with respect to the volume [Eq. (7)], one obtains the following general expression for the CE pressure
where the relation [∂F
Comparing (9) with the equations of state listed in Sec. II one can reconstruct the functions f (η) and u(n) for all models. Depending on the EV model one obtains the following for f (η):
The list of different possibilities for u(n) is the following:
1. van der Waals u(n) = −a n.
Redlich-Kwong-Soave
u(n) = − a b log(1 + bn). 3. Peng-Robinson u(n) = − a 2 √ 2b log 1 + bn + √ 2bn 1 + bn − √ 2bn .
Clausius
2 Technically, the u(n) is the mean total energy of attractive interactions per particle.
B. Quantum statistics
The classical equations of state for real gases do not include quantum statistical effects. This is usually not a problem for the description of the liquidvapour equilibrium in molecular systems for which these models were originally designed. However, in the nuclear matter the situation is very different: the ground state of nuclear matter is located at T = 0 and the critical temperature is T c = 15 − 20 MeV. In this range the effects of Fermi statistics are crucial, and the application of a classical model will lead to unphysical results, such as the negative values of the entropy density (see [4] for details). The VDW equation with Fermi statistics was formulated in Ref. [4] . To my knowledge, similar formulations for other real gas models are presently missing. Following Ref. [4] , one can list some general conditions that a quantum statistical generalization of the classical VDW-like equation of state must satisfy:
1. It should be transformed to the ideal quantum gas at a = 0 and b = 0.
2. It should be equivalent to the corresponding classical equation of state in a region of the thermodynamical parameter values where the quantum statistical effects can be neglected.
3. The entropy should be a non-negative quantity and go to zero at T → 0.
The following ansatz for the free energy of the quantum statistical equation of state of a real gas is assumed: the F (T, V, N ) has the form given by Eq. (8), i.e.
but here the F id (T, V, N ) is the free energy of the corresponding quantum ideal gas. It is evident that the first two conditions are satisfied by construction. Note that the exact analytic form of F id (T, V, N ) is not specified here. As will be seen below, the present calculations do not require this. In order to check the third condition one can calculate the entropy. Such a calculation yields
where S id (T, V, N ) is the entropy of the corresponding ideal quantum gas. The S(T, V, N ) is always nonnegative and goes to zero at T → 0. Thus, the model satisfies the third condition. Other quantities in the CE can be obtained by the standard thermodynamic relations. In particular one can calculate the energy
the pressure
and the chemical potential
All intensive quantities in the CE depend only on the temperature T and the particle density n in the thermodynamic limit. Thus, one can write these quantities as the following
where the functions with the superscript id and the subscript CE denote the corresponding CE functions of the ideal quantum gas. For the particular case of the VDW equation, the presented quantum statistical formulation is mathematically equivalent to the ones previously proposed in Refs. [4, 5] . Note that the obtained CE pressure (15) is now different from the classical CE pressure (9) because of the quantum statistical effects. Equation (15) reduces to (9) whenever the Boltzmann approximation is applied.
C. Grand canonical ensemble
In the CE, the number of particles N is an independent variable, and this number is fixed exactly in each microscopic state. On the other hand, the number of different hadron species is usually not conserved in the hadronic physics applications. In this case it is often more convenient to work in the grand canonical ensemble (GCE), where only an average number of particles is fixed. This value is regulated by the chemical potential µ. The particle density therefore becomes a function of T and µ in the GCE, i.e. n = N /V = n(T, µ). The GCE pressure p(T, µ), expressed as a function of its natural variables T and µ, contains the complete information about the system.
Both the CE and the GCE are equivalent for calculating the averages in the thermodynamic limit. This thermodynamic equivalence of ensembles, however, does not extend to the fluctuations. For example, the GCE formulation allows to calculate the particle number fluctuations in the vicinity of the CP, which by definition are absent in the CE. The GCE formulation also allows a generalization to the multicomponent hadron gas, where the numbers of different hadronic species are not conserved. This opens new applications in the physics of heavy-ion collisions and QCD equation of state (see Sec. V below).
To the best of my knowledge, the GCE formulation has been missing in the literature even for the classical (Maxwell-Boltzmann) real gas equations of state. Thus, the GCE formulation of the quantum statistical real gas models is briefly described in this subsection.
The thermodynamic equivalence of ensembles with regards to the averages will be employed to transform the models for the equation of state of real gases from the CE to the GCE. First, the following notations are introduced:
where the ideal gas functions correspond to the CE. From the expression for the µ * it follows that
where n id (T, µ * ) is the GCE ideal gas density at the temperature T and chemical potential µ * . It then follows from (21) that
where all the ideal gas functions now correspond to the GCE. The corresponding ideal gas relations are listed in Appendix A.
Using Eqs. (15)- (18) one can now write all the thermodynamic quantities for the equation of state of a real gas in the GCE
In the above equations it is always implied that n ≡ n(T, µ). It is evident from Eqs. (23)- (26) that once the "shifted" chemical potential µ * = µ * (T, µ) is known for the given T and µ, all the other quantities can be determined. Indeed, first the n(T, µ) is calculated by numerically solving Eq. (26) . Then the calculation of all other quantities is straightforward. The µ * (T, µ) itself is obtained as the solution to the following transcendental equation
This equation follows from Eq. (18).
The algorithm for the calculations within the GCE is the following: (i) at a given T -µ pair Eq. (27) is solved numerically to determine the µ * ; (ii) all other quantities are calculated using Eqs. (23)- (26); (iii) if there are multiple solutions to Eq. (27) for a given T -µ pair, then the solution with the largest pressure is chosen, in accordance with the Gibbs criterion.
The possible appearance of multiple solutions to Eq. (27) at a given T -µ pair is related to the irregular behavior of the VDW-like isotherms below the critical temperature T c of the first-order phase transition. The application of the Gibbs criterion in such a case is equivalent to the Maxwell construction of equal areas in the CE (see Ref. [4] for more details).
In the particular case of the VDW equation with a = 0 one obtains µ
This reproduces the GCE excluded volume model formulated in Ref. [21] .
It should be noted that the present formalism is not restricted exclusively to the real gas models. In fact, it can be applied to any system for which the free energy can be written in the form given by Eq. (10). In particular, the density dependent mean field u(n) does not necessarily have to be attractive, but can contain both attractive and repulsive interactions. Similarly, the presence of the EV corrections is a possibility, but not a necessity of this formalism.
IV. NUCLEAR MATTER
In this section the quantum statistical models of the equation of state for real gases are applied to describe the properties of the symmetric nuclear matter. Namely, the Fermi gas of nucleons (with mass m ∼ = 938 MeV and (iso)spin degeneracy d = 4) is considered. At the same time, the formation of the nucleon clusters (i.e., ordinary nuclei) will be neglected. The attractive and repulsive interactions between nucleons are described by the VDW-like parameters a and b, respectively. Eight different real gas models, listed in Sec. II, are employed: the VDW, RKS, PR, Clausius, VDW-CS, RKS-CS, PR-CS, and Clausius-CS models. The description of the nuclear matter properties is an important first step. In particular, it allows to obtain the restrictions on the values of the interaction parameters a and b. This step has to be considered before further applications to the physics of the hadron resonance gas model, the QCD equation of state, or heavy-ion collisions can be performed.
A study of nuclear matter is certainly not a new subject. The thermodynamics of nuclear matter and its applications to the production of the nuclear fragments in heavy ion collisions were considered in Refs. [22] [23] [24] [25] [26] [27] in 1980s (see Ref. [28] for a review of these early developments). Nowadays, the properties of nuclear matter are described by many different models, particularly by those which employ the relativistic mean-field theory [7, [29] [30] [31] [32] . Earlier, the EV corrections had already been considered in the mean-field models, where they were added on top of the repulsive force described by the ω meson exchange [21, 33] , or on top of the Skyrme-type density dependent repulsive mean field [34] . In the present work, however, the repulsive forces are described solely by the EV corrections.
Experimentally, the presence of the liquid-gas phase transition in nuclear matter was first reported in Refs. [35] [36] [37] by indirect observations. The direct measurements of the nuclear caloric curve were first done by the ALADIN collaboration [38] , and were later followed by other experiments [39, 40] .
A. Fits to the ground state of nuclear matter Each of the eight models under consideration contains two VDW-like parameters a and b. The values of these parameters need to be fixed. In molecular systems, these parameters are usually fixed in order to reproduce the experimentally known location of the CP. A different strategy is employed for the nuclear matter: the parameters a and b are fixed to reproduce the properties of nuclear matter in its ground state. At T = 0 and n = n 0 ∼ = 0.16 fm −3 one has p = 0 and ε/n = m + E/A ∼ = 922 MeV (see, e.g., Ref. [41] ). Here E/A ∼ = −16 MeV denotes the binding energy per nucleon. Once the parameters a and b are fixed, the location of the CP of the nuclear liquid-gas transition becomes a prediction of the model, which can be compared to the experimental estimates.
The following values of parameters a and b were obtained in Ref. [4] from the fit to the nuclear ground state within the VDW model: a ∼ = 329 MeV fm 3 and b ∼ = 3.42 fm 3 . The values of a and b, however, can be different for other real gas models. While all considered real gas models are consistent with the VDW equation in the low-density limit (n n 0 ), the ground state of nuclear matter which is used to fix the parameters cannot be considered as belonging to the low-density limit. Indeed, at n = n 0 = 0.16 fm 3 the resulting packing fraction η 0 = b n 0 /4 0.14 is larger than the half of the VDW packing limit of 0.25. Because the pressure in the classical VDW excluded volume model rises sharply at large densities, the applicability of the model may be doubtful in that region. The VDW model does predict reasonable values of the critical temperature T c ∼ = 19.7 MeV and the critical density n c ∼ = 0.072 fm −3 . However, the model itself appears to give a rather stiff equation of state. This stiffness can be characterized by the nuclear "incompressibility" factor K 0 = 9 (∂P/∂n) T , calculated at the normal nuclear density. The VDW model gives K 0 ∼ = 763 MeV, a value significantly higher than the recent empirical estimate of 250 − 315 MeV [42] , or a value of about 550 MeV obtained in the standard Walecka model [9] . Thus, it is evident that extensions of the VDW model are needed. Application of the Carnahan-Starling EV model is particularly interesting in that regard. It is known to have a significantly higher applicability range in the classical physics compared to the VDW excluded volume model.
The values of the VDW parameters a and b obtained from the fit to the ground state of nuclear matter within eight different models of real gases, as well as the resulting incompressibility K 0 , are listed in Table I . The density dependence of the binding energy per nucleon E/A at zero temperature is shown in Fig. 1 . The modifications to the attractive and repulsive VDW terms affect strongly the resulting values of the incompressibility factor: among all of the considered models, the K 0 is the largest in the VDW model. The K 0 attains systematically smaller values whenever the Carnahan-Starling EV model is used instead of the VDW excluded volume model. This is expected: the CS model provides a softer equation of state. As seen in Fig. 1 , the softest equation of state is given by the Clausius-CS model. This model yields K 0 = 333 MeV, which is the smallest value among all of the considered models. This value is still larger than the recently reported empirical range of 250 − 315 MeV [42] , however, it is in a much better agreement compared to the original VDW model.
The CS modification has the advantage over the VDW excluded volume model regarding the highdensity behavior. In particular, the problems with causality, typical for the standard VDW excluded volume approach at high densities, may only emerge at significantly higher densities in the CS model. Thus, the CS modification extends the applicability range of a real gas model. Similar conclusion was obtained in Ref. [19] for a high-temperature Boltzmann gas of hadrons.
The present formalism also allows to consider a real gas model with more than two interaction parameters. For example, the original Clausius/Clausius-CS model contains three interaction parameters: a, b, and c. By relaxing the assumption c ≡ b, employed in the present work, one can improve the description of the K 0 , and of other nuclear matter properties. For instance, the three-parameter Clausius model yields . Real gas models with more than two interaction parameters will be considered in more details elsewhere.
The values of the VDW-like parameters a and b depend on the model used to fix them. The VDW model yields a 329 MeV fm 3 . This is the smallest value of the attraction parameter among all considered models. The Clausius-CS and PR-CS models do a better job in describing the K 0 . These models yield a = 420 − 430 MeV fm 3 . This suggests that the fit of the nuclear ground state within the standard VDW model underestimates the value of a, at least in the context of the low-density virial expansion.
The situation regarding the eigenvolume parameter b is somewhat more complicated. The modifications to the VDW attraction term lead to smaller values of b. On the other hand, the CS modification of the repulsive term leads to larger values of b. The resulting range of values obtained in this work is b = 2.50 − 4.43 fm 3 . Whenever the EV corrections are used in the hadronic physics applications, the corresponding hard-core radius of a hadron is discussed. Normally, T h i n : v a n d e r W a a l s E V T h i c k : C a r n a h a n -S t a r l i n g E V Figure 1 : The nucleon number density dependence of the binding energy per nucleon E/A in the symmetric nuclear matter calculated within eight different models of real gas at T = 0. The thin lines denote calculations within the four models with the VDW excluded volume term, i.e. they correspond to the VDW (solid black line), RKS (dashed red line), PR (dash-dotted blue line), and Clausius (dotted orange line) models. The thick lines correspond to the models with the Carnahan-Starling excluded volume term.
the classical relation b = 16πr 3 /3 between the hardcore radius and the eigenvolume parameter is used for this purpose. For nucleons, the values in the range r = 0.3−0.8 fm had been reported in the literature [45] [46] [47] [48] [49] [50] [51] . The range b = 2.50 − 4.43 fm 3 obtained in the present work corresponds to r = 0.53 − 0.64 fm. The values in this range are notably higher than the r 0.3 fm value, estimated for a nucleon from the N N -scattering data, and used in, e.g., in Refs. [47, 50, 51] . One has to keep in mind, however, that the above relation between b and r is inherently classical one, without any quantum-mechanical effects. The quantum mechanical calculation of the 2nd virial coefficient for systems with the hard-core repulsion [52, 53] suggests larger values of the parameter b at lower temperatures. The classical limit, on the other hand, is only reached at very high temperatures. For nucleons, these temperatures may be much higher than those in the nuclear matter region. In that respect, the r value used in the classical relation should be regarded only as an effective hard-core radius. It should also be noted that the effects of the many-body interactions are expected to be important at the normal nuclear density. It is feasible that "large" values of r, extracted from the properties of the nuclear ground state, mimic some of these effects. The fits to the nuclear ground state performed in this work appear to disfavor the values of the effective hard-core radius of nucleon smaller than 0.5 fm, at least for the nuclear matter region of the phase diagram. Still, it is possible that further modifications to the models may lead to smaller values of r.
B. Phase diagram and the liquid-gas transition
All of the considered models predict the presence of the first-order nuclear liquid-gas phase transition which ends at the CP. The model predictions for the critical temperature T c , the critical density n c , the critical pressure p c , and the critical compressibility ratio Z c = p c /(n c T c ), are listed in Table I . Also listed are the predictions of the Walecka model (taken from [43] ), as well as the recent experimental estimates of Ref. [44] . The phase transition lines µ = µ mix (T ) are exhibited in Fig. 2 . For the clarity The correlation between the values of the critical temperature Tc of the nuclear liquid-gas transition and the incompressibility factor K0 within the real gas models.
of presentation, some of the models are omitted from Fig. 2 . For each model, the line starts from the nuclear ground state with T = 0 and µ 0 = 922 MeV, and it ends at the CP. At each point of the phase transition line, two solutions with different particle densities and with equal pressures exist. These two solutions correspond, respectively, to the gas and to the liquid phase. All of the considered models give a rather similar picture for the liquid-gas phase transition. The critical temperature varies in the range T c = 16.2 − 19.7 MeV, with the highest value achieved in the VDW model. The critical density values are in the range 0.06-0.07 fm −3 . The values of T c and n c are in a reasonably good agreement with the recent experimental estimates of Ref. [44] . The critical pressure appears to be rather notably overestimated by the VDW model, which yields p c = 0.52 MeV/fm 3 . This value is in contrast to the experimental estimate of p c = 0.31±0.07 MeV/fm 3 . The Clausius-CS model, on the other hand, yields p c = 0.30 MeV/fm 3 , which is in a good agreement with this estimate. It is notable that the Clausius-CS model also yields the best description of the nuclear incompressibility factor among the considered models.
The values in Table I clearly suggest a presence of the correlation between the critical parameters T c , n c , p c and the incompressibility factor K 0 . Higher values of T c , n c , and p c generally correspond to higher values of the K 0 . This trend is illustrated in Fig. 3 , where the correlation between T c and K 0 is plotted. Our result is in line with the findings reported in Refs. [39, [54] [55] [56] , and, more recently, in Ref. [57] , where a much more systematic study on this subject within the relativistic mean field models was presented.
C. Nucleon number fluctuations
In the GCE, the number of particles fluctuates between different microscopic states, and only the average number can be fixed. These fluctuations, especially their higher order moments, provide an information about the finer details of the equation of state. Typically, they are characterized by the following dimensionless cumulants (susceptibilities),
Studies of the event-by-event fluctuations in high energy nucleus-nucleus collisions are presently actively being used to uncover the properties of the strongly interacting matter (see, e.g. Refs. [58] [59] [60] ), in particular, in the context of the search for the QCD critical point [61, 62] . The higher-order (non-Gaussian) measures of the fluctuations of conserved charges were suggested to study the QCD phase structure. Experimentally, the search for the CP is in progress. The higher moments of the net-proton and net-charge multiplicity distributions in Au+Au collisions were recently measured by the STAR collaboration for the √ s NN = 7.7 − 200 GeV energy range [63] [64] [65] . However, no definitive conclusion regarding the existence and location of the QCD CP has been obtained yet.
The following volume-independent cumulant ratios are particularly useful
where ∆N ≡ N − N , the (∆N ) 2 , (∆N ) 3 , and (∆N ) 4 are the central moments, and where . . . denotes the ensemble averaging. These cumulant ratios are called the scaled variance ω[N ], skewness Sσ, and kurtosis κσ 2 . Their behavior in the vicinity of the CP was calculated in various effective QCD models [66] [67] [68] . It is understood that the behavior of these quantities in the vicinity of the CP is governed by the universality. This implies that qualitatively this behavior should be the same for all models with a CP which belong to the same universality class. The critical behavior in nuclear matter, in particular concerning the critical exponents, was previously studied in Refs. [43, 56, 70] .
Lately, these fluctuation measures were calculated for the symmetric nuclear matter within the VDW equation with Fermi statistics for nucleons [69] . Qualitative features of the critical fluctuations, obtained in that work, are consistent with effective QCD models as well as with the analytic results of the classical VDW equation [71] . It is, however, instructive to investigate the robustness of these results by considering different models of the symmetric nuclear matter. Present results already show very different possibilities for the values of the incompressibility factor K 0 between different real gas models. Will a similarly sensitive behavior be seen in the cumulants?
The GCE formulation of the real gas models (Sec. III) allows to calculate the 2nd and higher order cumulants of the particle number fluctuations. This section shows the results for ω[N ], Sσ, and κσ 2 , obtained within two representative models: the VDW model and the Clausius-CS model. Results obtained within the other considered models lie roughly "inbetween" these two.
The results of the calculations for the scaled variance ω[N ] = χ 2 /χ 1 , skewness Sσ, and kurtosis κσ 2 are exhibited in Fig. 4 . The two models give qualitatively similar fluctuation patterns for all three observables. Since these were previously considered in great details in Ref. [69] , their description is not repeated here. These fluctuation patterns near the CP are consistent with the model-independent universality arguments regarding the critical behavior in the vicinity of the QCD critical point [66, 72] . The patterns are also fully consistent with the analytic predictions of the classical VDW equation [71] . The similarity of the results between the VDW and Clausius-CS models illustrates the universality of the critical behavior with actual quantitative model calculations.
The biggest quantitative differences are observed in the liquid phase at low temperatures, and also in the crossover region above the CP. These differences are more pronounced for higher moments. Thus, the variations in EV and mean-field mechanisms are important mainly for the liquid phase.
V. FROM NUCLEAR MATTER TO HRG
The real gas models can describe some of the basic properties of the nuclear matter. The simplicity of the approach, however, does no justice to the complexity of the many-body nucleon interactions. The mean field models, based on the relativistic meanfield theory or on the Skyrme approach, are likely preferable for a better quantitative description of the many involved nuclear matter properties (see [8, 9] for an overview). On the other hand, the present approach allows a straightforward generalization to a multi-component hadron gas. This, in turn, opens new applications in the physics of heavy-ion collisions and QCD equation of state.
To illustrate the latter point, let us consider a simple generalization of the ideal HRG model which allows to include the VDW-like interactions between baryons in the framework of a real gas model. Following Ref. [11] , it is assumed that the baryon-baryon and antibaryon-antibaryon interactions are the same as the nucleon-nucleon interaction. At the same time, the baryon-antibaryon, meson-baryon, and mesonmeson interactions are explicitly omitted. The resulting model consists of three independent sub-systems: Non-interacting mesons, interacting baryons, and interacting antibaryons. Due to the assumed similarity between baryon-baryon and nucleon-nucleon interaction, the real gas models can be straightforwardly generalized to the case of a multi-component HRG. The total pressure reads Table I . The recent lattice QCD results of the Wuppertal-Budapest [74, 76, 77] and the HotQCD/Bielefeld-BNL-CCNU [75, 78] collaborations are shown, respectively, by symbols and green bands.
where M stands for mesons, B for baryons, andB for antibaryons, p 
are, respectively, the total density and the packing fraction of all (anti)baryons. The total density of baryons, n B , satisfies the equation
and the shifted chemical potentials, µ B * i , are given by
The numerical solution to Eq. (38) allows to obtain ∆µ B . This allows to calculate all other quantities in the baryon subsystem. The same procedure is applied for the antibaryon subsystem. Calculations in the mesonic sector are straightforward. The list of hadrons included in the HRG model includes all strange and non-strange hadrons which are listed in the Particle Data Tables [73] and have a confirmed status there (see [11] for more details).
Clearly, the model is rather simplistic. Nevertheless, it does allow to include the essential features of the nuclear matter physics into the hadronic equation of state. Unlike Ref. [11] , where the nuclear matter description was restricted to the standard VDW model, here an arbitrary EV fraction, f (η), and an arbitrary density-dependent mean-field, u(n), are allowed. This allows to study possible correlations between the behavior of the HRG observables and the nuclear matter properties. The thermodynamic properties of the HRG at zero chemical potential are considered as an example.
In this section, calculations are performed within two models: the VDW-HRG model, where baryonbaryon interactions are described by the standard VDW equation, and the Clausius-CS-HRG model, where the EV interactions are described by the CS model and where the attraction is taken in the Clausius form. The parameters a and b for both models were already fixed by the nuclear ground state properties in the previous section, and their values are listed in Table I . The calculations performed within the standard ideal HRG model are also shown for completeness.
The temperature dependencies of the scaled pressure p/T 4 and the scaled energy density ε/T 4 are shown in the upper panels of Fig. 5 . The calculations are performed at zero chemical potentials, i.e. µ B = µ Q = µ S = 0. These results are compared to the lattice QCD data of the Wuppertal-Budapest [74] and of the HotQCD [75] collaborations. The inclusion of the baryon-baryon interaction terms leads to a modest suppression of the pressure and of the energy density at high temperatures T 175 MeV. The result is quite similar in both, VDW-HRG and Clausius-CS-HRG models. This suppression slightly improves the agreement with the lattice data. However, the Table I . The recent lattice QCD results of the Bielefeld-BNL-CCNU collaboration [78] are shown by the green band.
pressure and the energy density are not very sensitive to the details of baryon-baryon interactions, especially at the lower temperatures. This is not surprising: the matter is meson-dominated at µ B = 0, and the mesonic contributions dominate over the baryonic ones for these two observables.
On the other hand, the baryon-related observables, such as the net-baryon number fluctuations (susceptibilities), can certainly be expected to be more sensitive to the modeling of the baryonic interactions. The ith order susceptibility is defined as χ The lattice QCD calculations for the sixth-order χ B 6 /χ B 2 cumulant ratio for the net baryon number fluctuations had recently been presented by the Bielefeld-BNL-CCNU collaboration [78] . This ratio shows a non-monotonic temperature dependence in the crossover region (Fig. 6) . A non-monotonic dependence is also predicted by both VDW-HRG and Clausius-CS-HRG models. The lattice data is described better by the Clausius-CS-HRG model.
These results show that the behavior of the baryonrelated lattice QCD observables correlates strongly with the properties of nuclear matter: a model with an improved description of K 0 also leads to an improved description of the temperature dependence of χ B i at zero chemical potential.
VI. SUMMARY
The present work introduces a formalism to augment the classical models of equation of state for real gases with the quantum statistical effects. This formalism can be generalized in a relatively straightforward manner to the multi-component systems.
A distinct novel feature of this work is the quantum statistical generalization of an arbitrary EV model. In particular, the present formalism generalizes the Carnahan-Starling EV model to include the quantum statistics. The importance of the missing quantum statistical effects in the Carnahan-Starling model was previously pointed out in Ref. [19] . The CarnahanStarling model allows to improve the description of the nuclear matter properties, and of the lattice QCD data.
The quantum statistical real gas models are shown to give a fairly good description of the basic properties of the symmetric nuclear matter. A family of only two-parameter VDW-like models is considered in the present work, where the short-range repulsive interactions are modeled with the EV correction while the attractive interactions are described by the densitydependent mean-field. Variations on the repulsive EV term include the VDW and Carnahan-Starling models, while the considered attractive terms are based on the VDW, Redlich-Kwong-Soave, Peng-Robinson, and Clausius equations of state. The combination of the two different EV terms with the four different attraction terms gives the total of eight VDW-like models under consideration. All models are consistent with the VDW equation of state in the low-density limit. Thus, in the region of small densities, the parameters a and b in each model can really be regarded as the VDW parameters.
The VDW parameters of the nucleon-nucleon interaction are fitted in each model to the properties of the ground state of nuclear matter. The following range of parameters is obtained: a = 330 ÷ 430 MeV fm 3 , b = 2.5 ÷ 4.4 fm 3 . Fits within the standard VDW model are found to underestimate the value of the attraction parameter a. In the context of the EV approach, the fits to the nuclear ground state disfavor values of the effective hard-core radius of nucleon smaller than 0.5 fm, at least in the nuclear matter region of the phase diagram. This seems to be an important constraint as the EV approach is very often employed in the hadronic physics applications, in particular as an extension of the HRG model. Still, the possibility of the temperature dependent effective hard-core radius cannot be excluded.
Modifications to the standard VDW repulsion and attraction terms allow to improve significantly the value of the nuclear incompressibility factor K 0 , bringing it closer to the empirical estimates. Among the considered equations of state, the Clausius model with the Carnahan-Starling repulsion term was found to give the lowest value of K 0 = 333 MeV, which yields the best agreement with the available empirical estimates. Remarkably, this two-parameter Clausius-CS model gives a better description of the incompressibility than the two-parameter versions of the Walecka (linear σ-ω) model (see e.g. [9] for a review). The present formalism permits variation of the third parameter c in the Clausius model. The parameter c can be varied in order to obtain the needed value of K 0 . Thus, the Clausius model leaves room for further improvement in the description of the nuclear matter properties. A correlation between the K 0 and the critical parameters T c , n c , and p c of the nuclear liquid-gas phase transition is observed: higher values of K 0 generally correspond to larger (T c , n c , p c ) values, in line with previous results obtained within other models of the nuclear matter [39, [54] [55] [56] [57] .
The fluctuation signatures of the nuclear matter critical point, namely the scaled variance, skewness, and kurtosis, are also calculated within the quantum statistical real gas models. All models show essentially the same qualitative behavior of the critical fluctuations. The comparison between the models illustrates the universality of the critical behavior.
The main advantage of the proposed formalism is that the real gas approach permits a relatively straightforward generalization to the multicomponent hadron gas. This opens new applications in the physics of the heavy-ion collisions, and of the QCD equation of state. This is illustrated by the cal-culations within the HRG models with baryon-baryon interactions. The calculations show that the behavior of the baryon-related lattice QCD observables at zero chemical potential correlates strongly with the nuclear matter properties such as the nuclear incompressibility. An improved description of the lattice data for the net baryon susceptibilities correlates with an improved description of the nuclear incompressibility factor K 0 . In particular, the Clausius-CS model is shown to be considerably better than the standard VDW model for the description of both, the nuclear matter properties, and the lattice QCD data. Further studies in this direction are of interest.
